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= | Introduction

Two-color QCD

SU(N-=2) : ps-real rep, Pauli-Gursey enhanced flavor symmetry
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n | Universality classes

Classification of RM

o :C-herm.— C-herm., o’ =1

Involutive symmetry H=0(H)

none C-herm. GUE
o(H)=H" R-sym. GOE
o(H)=1,H't,’ H-selfdual GSE
o(H)=-y.Hy; : chG*E

classity by corresponding NLoM [Zirnbauer 96]



O | Introduction

Dirac op as Random Matrix

o :C-herm.— C-herm., o’ =1
Involutive symmetry H =0(H)

Dy, =7, (za +A )— ~YsDy y:'  same symm. as chGUE

u

u
U(2) fnd — M (la + AZTa) = (Tzc) D;U(Z) fnd (TZC)_I ChGOE
SU(N) adj — 7 u (lau +A, f ) C D;U(N) adj o chGSE

small Dirac EVs described by chG*E  [Verbaarschot *94]

note: chGOE=chGSE for D

stag



] | Introduction

Dirac Spectrum and LEETs

LECs determined by

QCD chPT QCD dynamics
L' << Aoep F? -
<det()L—D(A))~-->A ————————————————— > f DU exp —fdx(— tr ‘GMU‘ —i ZRetr AU)
g SU/SO 2
leLz >> A
chRMT OD NLoM
<det()L—H)~-> b, f dU exp{i VZRetr A U}

SU/SO

EV density / indiv. EV distrib., fit to lattice D spectra

[ measure > with A’_ as probes }




Il. Crossover in Spectral Statistics



[ Il Crossover

Symmetry crossover of RM

o(H,)=H,
— v=, var(H,,) , a<<l
H=H,+aH, S Jvar(H,,
a=0(A/ ’u)<1 = H, dominates A : mean level spacing

of EV window in concern

>1

O(A/v)” = H, dominates

K
Il

O(A/ v)1 = crossover, parametrized by 0 = —a

A

K
Il

Dyson’s Brownian motion of EVs .... Pfaff process

N particles at finite time #(p) , initial distribution < H,, FP eq <« H,

available techniques:
skew-orthogonal polynomials, SUSY NLcM



ol || Crossover

GOE-GUE (bulk) GSE-GUE (bulk)  vehia Pandey 83]
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[ Il Crossover

Symmetry crossover : RM

o(H,)=H,

H=Hy+aH, = 07

[Kieburg Verbaarshot
Zafeiropoulos 12]

chGOE — GOE Cl

[Forrester Nagao

Honner 99] \|/ [Mehta Pandey 83] \|/ [Nagao 03]

\[Damvz‘%;f Safslzﬁgtoflf;)f [Koziy Skvortsov 11]

chGUE GUE — C

[Forrester Nagao
Honner 99]

ll\ [Mehta Pandey 83]

Li:sifEJ - GSE [% : x-sym violated = Wilson XPTJ

— : reality violated = “is0” iu




[ Il Crossover

Symmetry crossover : RM

H = H ;oo +0 Hgup H,=-y,H,ys= Hg'd“al'T
) v [ |cC H, =-ysH, ys= H™""
| Cad k Cc H, C : Gaussian RM

p-EV correlator in Pfaff process

. ) _[ Dxy) =S(y.x)
Rp(xl,...,xp)—Pf[K()cl.,)cj):ll_J=1 , K(x,y) ( S(x,y)  I(x,y) )
[chGSE-chGUE]

S(e,y) = 7 /5 {le('zr:I:)Jo(Wi/g :jg(mf)y*]l(”y) _ JO(;x) /07r dv e”2(v2_"2)~]0(”3/)}

D(z,y) = @ /07r dvv/o du e?” V" ) L] (vuz) Jy (vy) — Jo(vz)Jo (vuy)}
) = Y2 [ dvue ™ (o oa)o(on) — Jo(va)uds (on)}

[chGOE-chGUE] : compact-noncompact flip of the above [Forrester Nagao Honner 99]



3
Nystrom-type approx. for Fredholm det

Gauss-Legendre Quadrature :  {x....x, } €1, {wp,...,w, } >0

l f f(x)dx = E f(x)w, ,exact for f(x)=x" +lower

M
Det(I -K ,) = det[éij - K(x;,x,), [ww ; ]LH +relative error O(e """ [Bornemann 10]

example: Nystrom approx (M=30) for K Airy

04/ — GUE
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of dE[x,00]/dx

o
o

P[x] = dE[x,00]/dx
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[ Il Crossover

Symmetry crossover : Dirac op in QCD-like theory

H = ‘H+(x( ‘C, ‘R+(x ‘C
Hq—dualT‘ k C+ RT‘ C+
A
H, C, R :Gaussian RM
symmetry & its breaking
Y
D=y, (id, +g AN +e AT), p, (19, + g AN 4 AU

A A

dynamical (QED) or constant b.g.=iu



[ Il Crossover

Symmetry crossover : Dirac op in QCD-like theory

SU(N-=2) : Pauli-Gursey enhanced flavor symmetry
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[ Il Crossover

Dirac Spectrum and LEETs [Kogut Toublan Stephanov 00]

QCD chPT

L'<<A F2 -
<det()L—D(A)(“))--->A ----------- > [ bU eXp{— ) dx(7 tr VUl =i ZRetr AU)}

u SU/SO

F’L? >>3A VM B au K M[B, ]5%0

chRMT 0D NLoM v
F>u’ tr (BU'BU + BB
HS transf N f dU exp VE " tr (BU'BU + BB)

GAUSSIAN H SU/SO + ZVZ Re tI'A U

<det()L— (Hy+aH,))-- >

N\

fit individual EV distrib. to LGT

[ measure with A’ , u as probes }




Individual EV distribution



r
EV density vs Individual distributions

exercise: EV density & 1st ~8" EV distributions of chGUE

[Damgaard-SMN "01] flattening oscillation = larger error for fitting

":
—
=
”:

almost Gaussian = precise fitting possible

10



- lll Individual EV

EV density vs Individual distributions

pr(d)

exercise: U(1) Dirac spectrum vs chGUE [SMN unpub.]

U(DLGT B=0.6, V=6*, Nyonr=30000

U(DLGT B=0.6, V=6*, Nony=30000
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3
Gap probabilty

P(A,...Ay)

Prob|[any EV%I]=({—[d)\1)---({—[d)LN

= [dA-dAyP(Aps.sdy) = [ddy yC [ dDy--dAyP(Ays..sdy) + [[dAddy C, [(d2ye-d Ay P(Aseis ) =+
R 1 R 1 R

Vo g
1-level correlator 2-level correlator

KALA) KAL)

= 1 - [ dAPE[K(A,7)] + [ dAdA, Pf KGoAy Kody |~
= /Det(J -K,) (K, of)(A):= [dA K(AA) £(X)
1
1 k
Prob[k EVsE 1] = E(-ag) \/Det(] -&K,) T \/Det(J - K, ) x (resolvents of K )

k
g el K, (7= K,) | 's
= kth EV distribution : p,(s)= diEProb[ j EVs€[0,s]]
U

Fredholm det & resolvents < Quadrature method applicable [Bornemann "10]



- lll Individual EV

Individual Dirac EV distribution

1st ~4th EV distributions for chGSE-chGUE crossover
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Probability

lll Individual EV

Individual Dirac EV distribution

1st ~4th EV distributions for chGSE-chGUE crossover

] 1.000F

12} crossover parameter p =004 { ' /
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V. Lattice Dirac Spectrum



. IV Lattice Dirac Spectrum

Measurement

Spec(D

stag

step 1: pure SU(2)

EV density p())

Dirac EV A

noncompact QED
) of SU(N.=2) x

const background

80

60 -
40 -

20 -

6
44
6
44

in=0.016~.094

ey = 0.0004~.0024  0~1.75
iu=0.005~.042

1.10%
0~1.5 4.10%
0~1.75 1.10*
0~1.5 4.10*

= fit A=A, A;=A,to chGSE — mean spacing A

D

3rd — 4th

5th — 6th

o 7th — 8th

0.00

0.02

0.04

s I
0.06

s I
0.08

0.10




. IV Lattice Dirac Spectrum

Measurement
noncompact QED  6* ey, =0.0004~.0024 0~1.75  1.10°
Spec(Dy,,) of SUNF2) x 4 ey, =0.002~012  0~1.5 4104
const background 6* iu=0.005~.042 0~1.75 1.10*
4% ju=0.016~.094 0~1.5 4.10%

step 2: include iu or U(1) = fit A /A, ... A/A to chGSE-chGUE crossover

— parameter p

06

Pk\S)

04+

EV density p())

02F

00

Dirac EV A




. IV Lattice Dirac Spectrum

Measurement
noncompact QED  6* ey, =0.0004~.0024 0~1.75  1.10°
Spec(Dy,,) of SUNF2) % 4 ey, =0.002~012  0~1.5 4104
const background 6* iu=0.005~.042 0~1.75 1.10*
4% ju=0.016~.094 0~1.5 4.10%

step 3: convert A, p to LECs 2, F by chRMT<NLo0oM correspondence

chRMT NLoM
HS transf) f dU exp

GAUSSIAN
SU/SO

s. T po|me
VA 2V u

<det()t -(H +aH")- >

VF?u® tr (BU*BU + BB)
+ (VX Retr AU



Ist ~4th BV

Dy (5)

Py ($)

IV Lattice Dirac Spectrum

SU(2) x U(1)

0.8 ]
0.61
041

021

0.0

Br=0.5.

e=003 ,v=4* N

conf =2%1 0!

Br=0.5, =007 , V=4* | N ¢ =2+10"
————
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12f
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04F

02
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0.0

example: Sy, =0.5, V=4
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n IV Lattice Dirac Spectrum

S

Pk ()

I3t ~4th BV

Py (5)

U(2) x U(1)

1.000

0.500

0.100

0.050

1.000

0.500

0.100

0.050

P (s)

P (s)

1.000

0.500

0.100

0.050

1.000

0.500

0.100

0.050

example: Sy, =0.5, V=4

2 3 4 5

2/d.of=06~15



n IV Lattice Dirac Spectrum

SU((2) x U(1)

example: Sy, =0.5, V=4

1 1000

Josoo}f

{000}

Probability

Joosof

[stmdth ;520 f= 0.5~ 1.5



. IV Lattice Dirac Spectrum

SU(2) x U(1) example: By =075, ey, =0.0004 ~0.0024, V =6

-consistency of p parameters from 15t ~4th EV
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0.0000 0.0005 0.0010 0.0015 0.0020
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n IV Lattice Dirac Spectrum

SU(2) + 1 U example: By, =0, V =6, iu =0.005~.042

[T

] osf

1 oaf

1 oos}

AAAAAAAA

[stmdth ;520 f= 0.5~ 1.5



. IV Lattice Dirac Spectrum
SU(2) + iu

- p parameters from 1st ~4th EV

0.245
0.240
0235

0.220
0215

example: f, =0, V=6, iu =0.005~.042
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statistical err‘*p[,ir'fdetermining the mean EV sp
= counter-deviation of crossover parameters p (< F) for once-Kramers-deg. pair of EVs
= almost-cancelled by combining p’s

combined relative stat. error
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0.04

acing (« )

008 <

Ap

0

<.018
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3
Estimation of systematic error

44

64

RM size

fit numerically-generated EVs of chGSE-chGOE RMs
to analytically-computed individual EV distributions

crossover parameter p

0.1

0.2

0.3

0.4

0.5

0.103
0.102
0.101
< 0.100
0.099
0.098

0.105

« 0.100

0.095

V=4*, p=0.1, Negnr=4.8%10°

V=6*, p=0.1, Negnr=12%10°

0.202
< 0.200
0.198

0.196

V=4*, p=02, N.ons=48x10°

0304

0.302

o 0300 ==

0.298

0.296

0.305

~ 0300

0.295

0.290

V=4* p=03, Neons=48%10°

-0

0410F

0405

0.400

0395

0415
0410
0.405
0.400
0.395
0.390
0.385
0.380

V=4*, p=04, Neoos=4.8%10°

0510
{ 0.505
L
..... S —— .
0.500
{ 0.495
1 2 3 4

0515
0510
03505

0500

0495
0.490
0.485

best-fit values

V=4*, p=05, Nn=48x10°

L

(= o

V=6, p=0.5, Neoos=12%10°

|

)
1

I =

1 2 3
k

of p combined
true value of p

Y



r
Estimation of systematic error

fit numerically-generated EVs of chGSE-chGOE RMs
to analytically-computed individual EV distributions

relative sys. error

0.005 |

0.004 £

|Ap/pl

0.002

0.001 |

0.003 |

N=44 N=6%

0006 o
0000
0.0 0.1 02 03 04 05 0.0 0.1 02 03 0.4 05

p p

crossover parameter

001 =

%
0

< .005

... Sys. error under
very good control




.
SU(2) x U(1)

- LECs vs bare coupling, system size

chiral condensate pion decay constant
0207
* o V=64
O'ISf
g
S = on0f
061 < I
: 5
04+ .
[ 0.05 -
02} I
0.0;\ S S O SR - 0.00;\ . . . . ! . . . . ! . . . . ! .
0.0 0.5 10 1.5 0.0 0.5 10 1.5
8 5

precise measurement possible on small lattices

relative error of F : no larger than +.018 (stat)+.005 (sys)



gl V Summary

v computed &t EV distribtions of chGSE-chGUE crossover
vV fitted to Dirac EVs of SU(2)xU(1) and iz — determine parameters in chl

pion decay const

. - —— =]
12f } \ e =0.002 4 7
[ 4 f \ [ ]
[ * \ Iy ]
lor \ 4 / ]
L \ !" } 14 ]
., 08 \. A ] ~
3 - AN V4 ] 4
2 VAT N ] =
2 06 y ) / N\ \ y Q
= f Ay \ \ ] 3y
sy 7y \ " J =
0 .’,v" ,/ \ ‘e 4
! Y\ ]
of \ 4 J
S
0 A E
: N |
) ]
00 ol ol PRIV G
0 1 2 3 4 5
EV B

V' good control of errors in 7 on small lattices

e unquenching feasible e indiv. D EV of chGUE-GUE crossover
< Wilson chPT : underway

e consistency with F» from e SU(2) Dy, On <1632
conventional <J§‘(x):r(0)> -underway (chGSESchGOE for Dy,,)



